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Abstract 

In this article we use existing machinery to define connective if-theory spectra 
associated to topological ringoids. Algebraic iiT-theory of discrete ringoids, and 
the analytic ii'-theory of Banach categories are obtained as special cases. 

As an application, we show how the analytic assembly maps featuring in 
the Novikov and Baum-Connes conjectures can be factorised into composites 
of assembly maps resembling those appearing in algebraic X-theory and maps 
coming from completions of certain topological ringoids into Banach categories. 
These factorisations are proved by using existing characterisations of assembly 
maps along with our unified picture of algebraic and analytic ii'-theory. 
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1 Ringoids and Additive Categories 



Recall (see for example that a category TZ is called a ringoid if every mor- 
phism set Hom(a, 6)7^ is an abelian group, and composition of morphisms 

Hom(b, c)tz X Hom{a, b)iz — > Hom{a, c)ii 

is bilinear with respect to group addition. If 7?. is a topological category, where 
the set of objects carries the discrete topology and the group addition is con- 
tinuous, we call the category TZ a topological ringoid. 

A functor F : TZ ^ S between topological ringoids is termed a homomor- 
phism of topological ringoids if it is continuous, and a group homomorphism on 
each morphism set. 

Let 7?. be a ringoid, and consider objects a, 6 £ Ob{TZ). Then an object aOb 
is called a biproduct of the objects a and b if it comes equipped with morphisms 
ia- a ^ a ® 6, if, : 6 — > a © 6, Po : A (B B A, and pB- a (Bb ^ b satisfying the 
equations 

Paia = 1q Pbh = U iaPa + ibPb = '^a^b 

Observe that a biproduct is simultaneously a product and a coproduct. A 
ringoid TZ is called an additive category if it has a zero object (that is, and 
object that is simultaneously initial and terminal), and every pair of objects has 
a biproduct. A topological ringoid that is an additive category is termed an 
additive topological category. 

If TZ and S are additive topological categories, a topological ringoid homo- 
morphism i^: 7?. — > <S is called an additive functor if the object F{a © 6) is a 
biproduct of the objects F{a) and F{b) whenever a, 6 G Ob{TZ). 

Definition 1.1 Let 7^ be a topological ringoid. Then we define the additive 
completion, TZ^, to be the category in which the objects are formal sequences 
of the form 

ai © • • ■ e a„ Ci e Ob{TZ) 

Repetitions are allowed in such formal sequences. The empty sequence is also 
allowed, and labelled 0. 

The morphism set Hom{ai © • • • © a,„, fei © • • • © 6„) is defined to be the set 
of matrices of the form 

Xn,l 

and composition of morphisms is defined by matrix multiplication. 

The set of objects in the category TZq is given the discrete topology. The 
morphism set Hom{ai © • ■ • © a^, 61 © ■ • ■ © &„) is topologised as a subspace of 
the space 7^'"". 



£ Hom{aj, bi 



2 



Given a topological ringoid liomomorphism F: 7?. — > <S, there is an induced 
additive functor Fq : 7^0 5© defined by writing 

-Fe(ai © ■ ■ • a») = ^(ai) © • ■ • © -F(a„) G 06(7^) 



The following result is easy to check. 

Proposition 1.2 The assignment TZ TZ^ defines a functor from the category 
of topological ringoids and homomorphisms to the category of additive topological 



At times, it will be useful to look at ringoids with slightly more structure. 

Definition 1.3 Let i? be a commutative topological ring equipped with an 
identity element. Then we call a topological ringoid M. an R-moduloid if: 

• Each morphism set Hom{a, h)M is a topological i?-module. 

• Given an element r G R, and morphisms x G Hom{a, h)M and y G 
Hom{b,c)M^ we have the equation 

r{xy) = {rx)y 

Observe that any ringoid can be considered a Z-moduloid. For convenience, 
all topological rings in this article are assumed to be commutative and unital. 

Definition 1.4 Let i? be a topological ring. A non-unital topological mod- 
uloid, M, consists of a set of objects Ob{M), and a topological i?-module, 
Hom{a,b)Mj for each pair of objects a,b G Ob{M) such that the following 
axioms are satisfied: 

• There is a continuous associative composition law 



• Given an element r <= R, and morphisms x G Hom{a, b)M and y G 

Hom{b, c)M^ wc have the equation 

Thus, a non-unital i?-moduloid is a collection of objects and morphisms 
similar to an ii-moduloid, apart from the fact that identity endomorphisms 

need not exist. 

In the rest of this article, when we refer to an i?-moduloid, it may by non- 
unital. We will refer to a unital i?-moduloid or non-unital i?-moduloid when we 
wish to be more specific. 

There are obvious notions of a homomorphism of i?-moduloids, and of a sub- 
moduloid of an ii-moduloid. When necessary, we will use these notions without 
further comment. 



and 




categories and additive functors. 



□ 



Hom{b, c)m X Hom{a, b)M — *■ Hom{a, c)m 
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2 X-theory of Additive Categories 



It is well-known (see for example [HI [20]) how to define the if -theory of discrete 
additive categories. The same approach can be used when there is a topology 
involved. 

Definition 2.1 Let TZ be an additive topological category. Then we define 
NnTZ to be the category in which the objects are n-tuples of the form 

(ai, . . . , o„) Qi e Ob{TZ) 

together with choices of biproduct whenever {ii, . . . , ik} C 

{l,...,n}. 

The morphisms and topology in the category NnTZ are those arising from 
the morphisms and topology in the category 7^". 

Let N,TZ denote the sequence of topological categories (NnTZ). Then the 
sequence N,TZ can be considered a simplicial topological category. We have 
face maps ai : NnTZ — ^ Nn-iTZ defined by writing 

(Ji{ai, . . . , a„) = (ai, . . . , a^-i, © a^+i, aj+2, . . . , a„) i 7^ 

and 

a-o(ai, ■ • • = (02, • ■ ■ ,an) « 7^ 
We define degeneracy maps Ti : NnTZ Ni+iTZ are by writing 

Ti{ai, . . . , a„) — {ai, . . . , a^, 0, a^+i, . . . , a„) 

Note that the above formulae clearly determine what happens to morphisms 
and choices of biproducts. It is easy to see that the category N^TZ is a simplicial 
additive topological category. We can therefore iterate the above construction 
to obtain an rt-simplicial additive topological category N^^^'TZ :— N, ■ ■ ■ N,TZ. 

(n) 

Let us write wN, TZ to denote the category of isomorphisms in this category. 

Definition 2.2 We define the K-theory spectrum, K{TZ), of the additive topo- 
logical category TZ to be the spectrum where the space K(7^)„ is the geometric 
realisation |wivi"-*7?,| whenever n > 1. 

There is a map S|w7Vi"^7^| -> |^^;iVi"+^'7^| defined by inclusion of the 1- 
skeleton. The structure map 

K(7^)„ ^ nK{TZ)n+i 

is defined to be the adjoint of the above inclusion. 

Note that we are using here the 'thick' geometric realisation from appendix 
A of [IB]. When dealing with simplicial spaces rather than simplicial sets. 
When dealing with simplicial spaces rather than just simplicial sets, the thick 
geometric realisation has appropriate formal properties involving homotopies 
and fibrations. 
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Proposition 2.3 The K -theory spectrumTZ t-^ K{TZ) defines a functor from the 
category of additive topological categories to the category of symmetric spectra. 

Proof: There is an action of the symmetric group E„ on the simplicial cat- 
egory wNi^'^TZ = wN, ■ ■ ■ NtTZ defined by permuting the order in which the 
N, constructions are made. There is therefore an induced S„-action on the 
geometric reahsation \wNi"''TZ\. 

The iterated structure map |^^;ivi"'7^| fi''|wivi"+''^7e| is Sfe x I]„- 
equivariant in the obvious sense. The spectrum K(7?.) is therefore a symmetric 
spectrum as defined in [1] . 

Functoriahty is straightforward to check. □ 

The paper [50] contains a construction of ii'-theory for discrete categories 
equipped with certain subcategories, called categories of cofibrations and cate- 
gories of weak equivalences, that satisfy certain axioms. It is shown in section 
1.8 of [2n] that this general construction of i^T-theory agrees with the above 
construction when we are looking at a discrete additive category. 

The proof we mention still works for topological categories, although a topo- 
logical version of Quillen's theorem A from [16] is needed. A suitable generali- 
sation can be found, for example, in section 4 of [3T|. 

Many other properties of the ii'-theory of additive topological categories 
(or, more generally, categories with cofibrations and weak equivalences) can be 
proven exactly as in the discrete case. In particular, the proof of the additivity 
theorem in [8] works without any modification at all, and many formal properties 
of X-theory can be obtained as corollaries of the additivity theorem; see J2 
details of the argument. 

The following result can be proved in this way, as can the fibration theorem 
and cofinality theorem we state later on in this section. 

Theorem 2.4 Let TZ be a topological ringoid. Then the structure map 

is a weak homotopy equivalence whenever n>l. □ 
Whenever n > 1, we can define K-theory groups 

It follows from the above result that these groups can be defined as ordinary 
homotopy groups 

Kr,{n) = T:.M\wN,n(s\ 
rather than as the stable homotopy groups of some spectrum. 

Definition 2.5 Let /: ^ — *■ ;B be a continuous additive functor. Let PN,B be 
the simplicial category defined by writing {PN,B)n = Nn+iB. Then we define 
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the simplicial additive topological category N,{f: A B) by the puUback 
diagram 

N,{f:A^B) PN.B 

I I 
N,A N,B 

The simplicial category PN,B is clearly additive. It is straightforward to 
show that the puUback N,{f : A ^ B) is also additive. We can therefore define 
spaces |wivi"-'(/: A^ B) and a ii'-theory spectrum 

^{f:A^B) 

For obvious reasons, we will call the following result the fibration theorem. 
Theorem 2.6 The canonical sequence 

K{f:A^B)^ K{A) K{B) 

is a fibration up to homotopy. □ 

Let A be an additive subcategory of some additive category B. Then we say 
that the category A is strictly cofinal in B if for each object b e Ob{B), there is 
an object a G Ob{A) such that the biproduct 6© a is isomorphic to some object 
in the category A. 

The following result is known as the cofinality theorem, and is also a corollary 
of the additivity theorem. 

Theorem 2.7 Let B be an additive topological category. The A be a strictly 
cofinal subcategory of B. Then the inclusion A^ B induces a homotopy equiv- 
alence of K -theory spectra. □ 



3 X-theory of Ringoids and Moduloids 

Definition 3.1 Let 7?. be a topological ringoid. Then we define the if -theory 
of TZ by the formula 

K{TZ) K{n(s) 

If the ringoid TZ is already additive, then it is clearly cofinal in the category 
TZq. Therefore, by theorem l2.7l the above definition is consistent, at least up to 
homotopy, with the old definition made for additive topological categories. 

Given a topological ring R, a unital i?-moduloid is a topological ringoid, 
so we can define the ii'-theory K{A4) by the above procedure. We need to do 
slightly more in the non-unital case, however. 
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Definition 3.2 Let be a non-unital moduloid over a topological ring R. 
Then we define the unitisation to be the category with the same objects 
as the moduloid A4, and with morphism sets 



Hom{a, b) 



M + 



Hom{a, h)M a ^ b 
Hom(a, a) (B R a ^ b 



The topology on the morphism sets is either the original topology or the 
product topology, depending on which of the above cases we are considering. 
Composition of morphisms 

Hom{b, c)m+ X Hom,(a, b)j^+ — > Hom{a, 0)^+ 

is defined by the formula 

{x + X)(y + fi) = xy + lambdax + fiy + X/j, 

where x G Hom{b, c)mi V G Hom{a, and 

. j R b=c { R a=b 

It is easy to check that the unitisation is a unital i?-moduloid. 
Let us write Rm to denote the unital i?-moduloid with the same set of 
objects as the moduloid A4, and morphism sets 



Hom{a,b)n^ = l^ fo} 1 /b 



equipped with the obvious multiplication and topology. There is a natural 
homomorphism tt: —^ Rm defined to be the identity map on the set of 
objects, and by the formula 

7r(x + A) = A X e Hom(a, b)M, A G i? 

on each set of objects. 

Definition 3.3 We define the if -theory spectrum of a non-unital moduloid A4 
be the formula 

K{M) := K(7r: M+ Rm) 

According to theorem 12. 6[ the spectrum K{Ai) is be the homotopy fibre of 
the map 

TT*: K{M + ) K{Rm) 

Before we go any further with our explorations, we need to prove that the 
above definition is consistent with the old definition when the _R-moduloid A4 
is unital. 
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Proposition 3.4 Let A4 be a unital R-moduloid. Let tt' : A4 Rm Rm be 

the obvious quotient map. Then there is a natural isomorphism a: M (S Rm ~^ 
M.~^ fitting into a commutative diagra m 

M © Rm ^ Rm 
i II 
M+ ^ Rm 

Proof: Let us write Ca G Hom{a, a)M to denote an identity morphism in the 
moduloid Ai. We can define a natural isomorphism a: Ai ® Rm ^ by 
writing a{a) = a for each object a, and 

a{x, X) = X — Xca + A 

whenever (a;, A) G Hom{a,b)M®RM- 

The inverse of the homomorphism a is defined by the formula 

+ m) = (y + Mea,M) 

whenever y + fi ^ Hom{a, b)M+ ■ ^ 



Corollary 3.5 Let M be a unital moduloid. Then the K-theory spectra IK(A^) 
and ]K(7r: M.^ — > Rm) o-f^ naturally homotopy-equivalent. 

Proof: By the above proposition and theorem 12.61 we have a commutative 
diagram 

K{M) K{M®Rm) K{Rm) 

I i II 

K{n:M+~^RM) K{M+) ^ K{Rm) 

where the rows are homotopy fibrations. The desired result follows easily. □ 



4 Quotients and Exact Sequences 

Definition 4.1 Let i? be a topological ring, and let Ai be an _R- moduloid. 
Let J/" be a sub- moduloid with the same set of objects as the moduloid Ai. 
Then we call the sub-moduloid J7 an ideal in the moduloid A4 if the product 
of a morphism from the moduloid J7 and a morphism from the moduloid Ai is 
always a morphism in the moduloid J. 

Definition 4.2 Let J' be an ideal in an i?-moduloid A4. Then we define the 
quotient Mj J to be the i?-moduloid with the same objects as the moduloid 
A^, with morphism sets 

Hom{a,b)M/j Hom{a,b)M/j / Hom{a,b)j 
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It is straightforward to check that the above definition makes sense, and 
does indeed define an i?-inodufoid as inherently claimed. There is a canonical 
inclusion map i: J ^ M. and quotient map y. M. J\A j J . 

Theorem 4.3 The sequence 

]K( J) ^ IK(X) ^ ¥.{MIJ) 
is a fibration up to homotopy. 

Proof: Suppose that the moduloid A4 is unital. Recall that the spectrum 
K(J') is defined by iterating the simplicial additive category 7V,(7r: JT""*" Rm) 
defined through the pull-back diagram 

N,{tt: J+ ^ Rm) ^ PN.Km 
I I 
N.J+ ^ N,Rm 

Since the moduloid A4 is unitial, there is an obvious inclusion J'+ ^ A4 
and a commutative diagram 

N.in: J+ ^ Rm) ^ PN.TZm 
I I 
N.J+ ^ N.Rm 

I I 
N,M M/J 

The outer square of this diagram is still a pull-back square. It follows that 
we have an isomorphism 

N.{7r: J+ ^ Rm) = N.ij : M ^ M/J) 

It follows from theorem 12.61 that we thus have a fibration 

K{J) ^ K{M) ^ K{M/J) 

is a fibration up to homotopy. up to homotopy. 

Now, suppose that the moduloid M. is not unital. Then by the above argu- 
ment we have a commutative diagram 

K{J) ^ K{M) ^ KiM/J) 

II i i 

K(J) ^ K{M+) K{M+/J) 

* ^ K{Rm) = K{Rm) 

where the columns and bottom two rows arc fibrations up to homotopy. A stan- 
dard diagram chase tells us that the top row is also a fibration up to homotopy, 
and we are done. □ 
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5 Products 

Tensor products of moduloids can be defined analogously to tensor products of 
modules over commutative rings. 

Definition 5.1 Let i? be a commutative unital topological ring. Let Ai and A/" 

be i?-moduloids. Then we define the tensor product, M^rM, of the moduloids 
j\4 and A/" to be the collection of objects 

{a® 6 I aeOb{M),beOb{N')} 

and morphisms 

Hom{a (Sib,a' iSi b')M^Af = Hom{a, a')M ®r Hom{b, b')^ 
If TZ and S are ringoids, then we define the tensor product by writing IZ^S := 
The following result is straightforward to check. 

Proposition 5.2 The above category M. is an R-moduloid. The compo- 

sition law is defined by the formula 

{x y){x' (8> y') = xx' ® yy' 

□ 

In fact, the above tensor product also satisfies an appropriate universal prop- 
erty. Although this property is easy to verify, we will not prove it here since we 
do not need to use it. Observe, however, that for i?-moduloids M. and M we 
have a canonical map 

X® X A/"® ^ (A^ ®rH)q 

defined by writing 

(ai e • • • e a^, 6i e • • • e 6„) ®fjZiai ® bj 
The above map clearly induces a Efc x E„-equivariant map 

wNi'^'^M^s X wivi"We ^ wM"^''\m O/j A/")© 
and so a natural map of symmetric spectra 

K{M) A K{J\f) ^ K{M (8>fl AT) 
Definition 5.3 The above map 

K{M) A K{M) K{M (E)rM) 
is called the exterior product map. 
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6 Banach Categories and Group Completion 

Recall that a topological ringoid A is called a Banach category if each morphism 
set Hom{a, b)^ is a Banach space, and the inequality 

ll^^yll < M\\y\\ 

holds whenever x and y are composable morphisms. Since a Banach category 
A is already a topological ringoid, we can use our earlier definitions to form the 
i^-theory spectrum K(^). 

However, the papers [SJ [T^ define if-theory for C*-categories, of which Ba- 
nach categories are a special case. The definitions in either of these papers 
could easily be generalised to Banach categories. The definition amounts to the 
following. 

Definition 6.1 Let ^ be a Banach category. Fix an ordering on the set of 
objects Ob{A). For each object a e Ob{A(^), let GL{A) denote the space of 
invertible endomorphisms x e Hom{a^a)j^^. 

We define the topological group GLoo{A) to be the direct limit 

IJ GL{ai®---®an) 

ai<---<a,i 

under the inclusions 

GL{ai © • • • © ak-i © ak+i © • • • © a„) GL{ai © • • • © a„) 

defined in the obvious way by looking at matrices. 

The space GLoo {A) is not functorial. However, it can if necessary be replaced 
by a homotopy- equivalent space that is functorial. We do not need to do this 
here; see [12] for details. 

Definition 6.2 We define the analytic K -theory groups of the Banach category 
A to be the homotopy groups 

when 71 > 1. 

In contrast, the algebraic K-theory groups of a topological ringoid TZ are 
defined by writing 

Kr,{A) 7r„K(^) = 7r„f7|wiV.^el 

when 71 > 1. 

The main purpose of this section is to prove the fact that the algebraic and 
analytic i^-theory groups of a Banach category are isomorphic. 

The argument required is an application of the group completion theorem. 
The version given in [9] suffices for our purposes. 
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Theorem 6.3 Let M be a topological monoid, and let Hi,[M) he the associated 
Pontjagin rind built from the induced product on singular homology. Suppose 
that the monoid tt = 7ro(-M) is in the centre of the ring Hi,{M). Then the ring 
homomorphism i^,: Hi,{M)[Tr~^] — * Hi,(flBM) induced by the canonical map 
i: M flBM induces an isomorphism 

□ 

Along with the group completion theorem, we need a sufRciently general 
version of Whitehead's theorem. The following result is proved in [7] . 

Theorem 6.4 Let X and Y be path- connected H-spaces. Suppose we have a 
map of H-spaces f : X ^ Y such that the induced maps of homology groups 
fi, : Hp{X) HpiY) are all isomorphisms. Then the map f is a weak homotopy 
equivalence. □ 

Before applying the above two results, observe that we can simplify our 
calculations slightly if we observe that there are isomorphisms 

if„(^)A'^^i''"^ - 7r,,BGL^{Sk{A)) 

and 

K„iA) - 7r„ (nBU.^sHA^) BGL{a)) 

where Sk{C) denotes the skeleton of a category C. Roughly speaking, our plan is 
to prove that the spaces BGLoo{Sk{A)) and ^BUa(rsk{A^) BGL{a) are weakly 
homotopy-equivalent . 

In order to apply the group completion theorem, we want to define a topo- 
logical monoid structure on the space 

M naeSk(,A^)BGL{a) 

Any two objects a,b G Sk{A(^) have a unique biproduct a (B b. Let Iq : a — *■ 
aOb, it: b —>■ a(Bb, pa'. a®b a, and : a © 6 —> & be the canonical morphisms 
associated to this biproduct, and define maps ja ■ GL{a) — > GL{a (B b) and 
jb ■■ GL{b) ^ GL{a © b) by the formulae 

jaix) = iaXPa + ibPb jb{v) = iaPa + ibVPh 

repsectively. 

After delooping, we have induced continuous maps Bja'. BGL[a) — > 
BGL{a ffi b) and Bjb'. BGL{b) BGL{a © 6). The space M is therefore a 
topological monoid, with operation 

x®y-^ Bja{x) + Bjb{y) 
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Observe that the set tt = Ob{Sk{AQ)) can be identified with the set of path- 
components TTo{M). Let G be the Grothendieck completion of the monoid tt. 
Then there is a homomorphism of topological monoids 

a: M ^ BGL^{Sk{A)) x G 

defined by taking a point x e BGL{a) to the pair {i{x), a) where i : BGL{a) 
BGLoo{A) is the canonical inclusion. 

Lemma 6.5 The above homomorphism induces a ring isomorphim 

a,: iJ4Af)[7r-i] ^ H,{BGL^{Sk{A) x G) 

We defer the proof of the above lemma. Together with the group completion 
theorem, this lemma is the key to our main result. 

Theorem 6.6 The spaces BGL^{Sk{A)) x G and nBUa^skiAfs) BGL{a) are 
weakly homotopy- equivalent. 

Proof: The monoid tt clearly lies is the centre of the Pontrjagin ring Hi,{M). 
The map a induces a map Q,BM VLB{BGLoo{Sk{A)) x G) of i?-spaces. 
But the space BGLoo{Sk{A)) x G is already a topological group, meaning it is 
homotopy-equivalent to the _ff-space VlB{BGLoo{Sk{A)) x G). Hence, by the 
above lemma and the group completion theorem, the canonical map of iJ-spaces 

\laeSHA<,) BGL{a) ^ BGLUSk{A)) x G 

induces an isomorphism at the level of homology. 

Now, let Xq denote the path-component of the i?-space VLB li-a^Sk(A(s) 
BGL{a) containing the unit. Then we have a map of path-connected if-spaces 

^ BGL^{Sk{A) 

that induces an isomorphism at the level of homology. Hence, by theorem 16.41 
the map Xq BGLoc{Sk{A)) is a homotopy-equivalence. 

Each path-component of the space flB llaeSk{Ae) BGL{a) is homotopy- 
equivalent to the space Xq. Looking at each path-component in turn, it follows 
that we have a homotopy-equivalence 

^B U^^skiA^) BGL{a) ^ BGL^{Sk{A)) x G 

as required. □ 

Hence, by the definitions of the relevant if-theory groups we obtain the 
isomorphism 

KM - K„iA)^''^'y''' 

that we were looking for. 

Of course, we still need to prove lemma [6T5] We need two technical results 
about analytic i^-theory. The first of these results is a special case of theorem 
3.1 in [12 . See also the appendix of [TU| . 
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Proposition 6.7 Let {Xi, (t>ij)ii=i be a directed family of topological spaces such 
that each map (pij : Xi — > Xj is injective, each space Xi has the Ti-separation 
propert^ and for each element j d I there are only finitely many elements i € I 
such that i < j. 

Let X be the direct limit of this family, and let (pi : Xi X be the canonical 
map associated to each space Xi. Suppose that K C X is a compact set. Then 
K C (j}i[Xi] for some space Xi. □ 

The second technical proposition follows from commutativity of the analytic 
JC-theory groups, a result again proved in [T2] . 

Proposition 6.8 The topological monoid BGLooiSk{A)) is homotopy- 
commutative. □ 

Let (T be a permutation of the set {l,...,k}. It follows from the above 
results that any map X — > BGL{ai • • • © ak) is homotopic to a map X 
BGL{a{ai) © • • • © cr(afc)). With this observation, we can proceed to the proof 
of our lemma. 



Lemma 6.9 The homomorphism a: M ^ BGLoo{Sk{A)) x G induces a ring 
isomorphim 

a^: H^{M)['K-^] H^{BGLoo{Sk{A) x G) 

Proof: Let [a] e Hk{BGLoo{Sk{A)) x G) be a singular homology class, 
generated by a continuous map 

a: -> BGLoo{Sk{A)) x G 

By proposition 16. 7( we know that ima C BGL{a) x {g} for some object 
a G Ob{Sk{A)(j)) and element g G G. By proposition 16.81 . we can assume that 
a e Ob{Sk{A(s)). Let us write g — a (B b ® c~^ where 6, c £ tt. Then certainly 

ima C BGL{a ®b) x {a ® b ® c'^} 

Hence, by definition of the map a, the homology class [a] lies in the image 
of the homomorphism 

a,: iJ4m)[7r-i] ^ H,{BGL^{Sk{A)) x G) 

Thus the homomorphism a^, is surjective. Injectivity can be proven similarly. 

□ 



^That is to say that finite subsets are closed. 
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7 Assembly 



The assembly map in algebraic X-theory originally appeared in [6]. A version 
of this map, adapted to give a homotopy-theoretic description of the analytic 
assembly map, was used in [?]. 

In this section we will describe the _fC-theory assembly map in terms of 
the tools developed here, and give a new proof that the homotopy-theoretic 
description of the analytic assembly map agrees with the usual definition. 

Definition 7.1 Let tt be a discrete groupoid, and let i? be a topological ring. 
Then we define Rn to be the category with objects Oh{RTi) — Oh{n) and mor- 
phism sets 

Hom{a,h)RT, := {xigi H h a;„g„ \ e R,gi e Hom{a,b)^} 

Composition of morphisms is defined by the formula 

C m \ / " \ 
'^x^g^ 1 '^Vjhj = {x^yj)g^hj 
i=i I \j=\ j i,j=i 

The topology on the space Hom{a, b)iiT^ is defined by viewing it as a direct 
limit of a family of subspaces homeomorphic to the space i?" for some n. 

It is easy to check that the category Rtt is a topological _R-moduloid. 

Proposition 7.2 Let R be a topological ring. Then the category R-k is isomor- 
phic to the tensor product Ztt ®z R- 

Proof: We can define an isomorphism 6 : Rtt vrZ Cg)^ R by writing 6{A) = A 
for each object A, and 

0{xigi H h Xngn) = gi^xi ^ h .9„ » x„ 

for all elements Xi & R and gi G Hom{A, i?)^. □ 

Now, we have an inclusion 

Yi\wZt:q \ ^ IwA^.Ztt^ 

defined by looking at the 1-skeleton, and therefore, taking adjoints, a natural 
map 

Composing this map with the inclusion Bit ^ EjuiFTr^l, we have a natural 
map 

BTr+ OI^A^.ZvTel 

Here we write to denote a topological space with an added disjoint 
basepoint. If we do this, we can deem the above map to be basepoint-preserving. 
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We can compose the above map with the exterior product to obtain a natural 
map 

Btt+ a K{R) K{Zn) A K{R) -> ]K(i?7r) 

Definition 7.3 The above map is called the K -theory assembly map associated 
to the groupoid tt and topological ring R. 

In order to compare definitions of assembly maps, we need an abstract char- 
acterisation. One suitable characterisation can be found in [22j . 

Definition 7.4 Let F be a covariant functor from the category of spaces to the 
stable category of symmetric spectra. Then we call the functor F 

• homotopy-invariant if it preserves homotopy-equi valences. 

• excisive if it preserves coproducts up to homotopy equivalence. 
Let + denote the one point topological space. 

Theorem 7.5 Let F be a homotopy-invariant functor from the category of 
spaces to the stable category of symmetric spectra. Then there is a homotopy- 
invariant excisive functor F'^" and a natural transformation a : F'^" — > F such 
that the map a: — > induces an isomorphism at the level of stable 

homotopy groups. 

Further, the functor F'^° and natural transformation a are unique up to stable 
equivalence. □ 

We call the natural transformation a : F'^° — > F the assembly map associated 
to the functor F. 

Theorem 7.6 Let X be a topological space, and let tt{X) be the fundamental 
groupoid of X , equipped with the discrete topologicy. Write 

F{X) = K{Rtt{X)) F'^"{X) = X+A K{R) 

Then there is a natural transformation a : F such that the map 

a: F'^"{Btt) ^ F{7:) 

is homotopy- equivalent to the K-theory assembly map for a discrete groupoid tt. 

Further, suppose we have a natural transformation a' : F^" F such that 
the map a' : — > F{-\-) is a weak homotopy-equivalence. Then the natural 
transformation a' is weakly homotopic to the map a. 

Proof: Let ■k'^{X) denote the fundamental groupoid of the space X, equipped 
with the topologiy defined by considering the groupoid ■n'^ {X) to be a quotient 
of the space of Moore paths 

{7: [0,.s]^X I s>0] 
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equipped with the compact open topology. Then the identity map defines a 
continuous functor 7r(X) — > tt'^{X). It is proved in the appendix by J. P. May 
to [T7] that the induced map of classifying spaces 

/: B7r{X)^BTr^{X) 

is a homotopy-equivalence. Hence the induced map of spectra 
F^°(B7r(X)) F^°(B7r^(X)) has a formal inverse /* in the category 

of symmetric spectra. 

There is a natural inclusion X —^ Btt'^ (X) defined by mapping a point x G X 

to the point corresponding to the identity 1^;. At the level of spectra we obtain 

a natural map /? by forming the composition 

^ F°'''-{Btt^X)) C F^^^BixiX)) 

Composing the map /3 with the ii'-theory assembly map, we obtain a natural 
map a: F^°(X) — > F{X)^ which is a homotopy-equivalence when the space X 
is a single point. Let tt be a discrete groupoid, and let X = Btt. Then the map 
a is homotopic to the i^T-theory assembly map. 

Finally, note that it is easy to see that the functor F is homotopy- invariant, 
and the functor F'^" is homotopy-invariant and excisive. Therefore the map a is 
an assembly map in the sense of the above theorem. Hence, if we have a natural 
transformation a': — > F such that the map a': — > F{+) is a weak 
homotopy-equivalence, then the natural transformation a' is weakly homotopic 
to the map a. □ 

We will end this section by looking at the assembly map appearing in the 
analytic Novikov conjecture, which we shall refer to as the analytic assembly 
map. To fit this map into our present framework, recall the following result 
from |14j , which provides all we need to know about the analytic assembly map 
for the present purposes. 

Theorem 7.7 Let F'^° he a homotopy-invariant and excisive functor from the 
category of spaces to the stable category of symmetric spectra. Let a: F'^°{X) 
KC^jjx7r(X) be a natural map of spectra that is a stable equivalence when the 
space X is a single point. Let G be a discrete group. Then the map 

a: F°'-'{BG) ^ IKC,;,,7r(i?G) - IKC,;,,(G) 

is a description of the analytic assembly map for the group G at the level of 
connective spectra. □ 

Here, for a discrete groupoid tt, the category G*ti is a certain Banach cat- 
egory obtained by completing the topological ringoid Ctt; see [13] for further 
details. There is a canonical inclusion Ctt ^ C*7r, and so a natural map 
KCtt ^ KC* „,7r. 
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Theorem 7.8 Let G be a discrete group. The composition of the K-theory 
assembly map and the above map 

BG+ A K(C) ^ KCG ^ KC^^^G 

is a description of the analytic assembly map for the group G at the level of 
connective spectra. 

Proof: In the proof of theorem 17.61 we have already commented that the 
functor X A ]K(C) is excisive. We have also seen that the iC-theory 

assembly map is natural. It follows that the composition 

X+ A IK(C) ^ KCniX) ^ ]KG:_^(X) 

is natural. This map is the identity map, and so is certainly a homotopy- 
equivalence, when the space X is a single point. The desired result now follows 
from theorem 17.71 □ 

A similar result holds when working with the real numbers instead of the 
complex numbers; the proof is identical. 



8 The Equivariant Case 

We can use equivariant analogues of the techniques applied in the previous 
section to look at factorisations of the Baum-Connes assembly map introduced in 
[1] . Our factorisation is constructed with a number of techniques first introduced 
in 0. 

Definition 8.1 Let G be a discrete group. Then we define the orbit category 
of G to be the category in which the objects are G-spaces of the form G/H^ 
where iJ is a subgroup of G, and morphisms are equivariant maps. 

Given a category C, we call a contravariant functor from C to the category 
of pointed topological spaces a right pointed C-space, and a covariant functor 
from C to the category of symmetric spectra a left C -spectrum. 

For example, given a pointed G-space X, there is an associated right pointed 
Or(G)-space mapQ{—,X) defined by mapping the object G/H to the space of 
equivariant basepoint-preserving maps mapQ{G/H,X). 

Definition 8.2 Let X be a right C-space, and let be a left C-spectrum. 
Let X+ be the right C-spectrum with spaces X+{A) — X{A)^ for each object 
A G Ob{C). Then we define the product X+ Ac F to be the spectrum with spaces 

{X+{A) Ac F)„ = n^eo,(c)^+(^) A F{A)„/ ^ 

where ~ is the equivalence relation 

X /\ (j)y = x(j) /\ y 

for all elements x e X+{B), y £ F{A)n, and cf) G Hom{A, B)c, 
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Definition 8.3 Let F he a covariant functor from the category of right G- 
spaces to the stable category of symmetric spectra. Then we call the functor F 
G-homotopy-invariant if it preserves G-homotopy-equivalences. 

The following result comes from [5]. 

Theorem 8.4 Let F be a functor from the category of proper G-CW -complexes 
to the category of spectra. Then we can define a G-homotopy-invariant and 
excisive functor F'^" by writing 

F'^^iX) ^ map{^,X+) AoriG) F 

G 

Further, there is a canonical functor a : F'^" — s- F which is an equivalence 
whenever the space X takes the form G/H, where H is a finite subgroup of 
G. The G-homotopy-invariant functor F'^" with this property and functor a are 
unique up to stable equivalence. □ 

The functor a in the above theorem is called the equivariant assembly map 
associated to the functor F. 

Definition 8.5 Let C be a category. Then a topological C-ring is a functor from 
the category C to the category of topological rings. 

Given a topological C-ring R, we can associate a left C-spectrum K(i?) by 
writing K{R){A) = K{R{A)) for each object A e Ob[C). 

Definition 8.6 Let G be a discrete group, and let X be a topological space 
equipped with a right G-action. Then we define the transport groupoid, X, to 
be the discrete groupoid in which the objects are the points of the space X, and 
the morphism sets are defined by writing 

Hom{x, y)^ := {g ^ G \ xg = y} 

Definition 8.7 Let tt be a discrete groupoid, and let i? be a topological tt- 
ring. Then we define Rtt to be the category with objects Ob^Rir) — 06(7r) and 
morphism sets 

Hom{a,b)R.^ := {xigi H h x„5„ | Xi G Rb.gi G -ffom(a, 5)^} 

Composition of morphisms is defined by the formula 

Cm \ / " \ 

'^x^g^ J "^yjhj = x.ig,{yj)g^hj 

The topology on the space Hom{a, b)jiT^ is defined by viewing it as a direct 
limit of a family of subspaces homeomorphic to the space i?" for some n. 
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Let i? be a topological G-ring. Then there is a canonical faithful functor 
i: X ^ G. It follows that R can also be considered a topological X-ring. The 
following result is easy to check. 

Proposition 8.8 The functor defined by sending a proper G-CW-complex X 
to the spectrum K(_RX) is G-homotopy-invariant. □ 

Let ; i?) be the excisive and G-homotopy-invariant functor defined 

by writing 

K« R) = map{-, X+) Ao.(g) {Y ^ HRY)) 

G 

Then by theorem 18.41 there is an equivariant assembly map 
a: K£„„(X;i?) ^ K{RX) 

When R = according to ^2], the above assembly map is the map appearing 
in the Farrell- Jones conjecture of [3]. 

To fit the Baum-Connes assembly map into our present framework, we recall 
the main result of [15], which provides all we need to know about the Baum- 
Connes assembly map for the present purposes. 

Theorem 8.9 Let A be a G-C* -algebra. Let F'^" be a G-homotopy-invariant 
and excisive functor from the category of right G-spaces to the stable category 
of symmetric spectra. Let a : F'^°{X) —> K(A xi,. X) be a natural map of spectra 
that is a stable equivalence when the space X has the form G / H , where H is a 
finite subgroup of the group G. 

Let i: X G be the canonical faithful functor. Then up to stable equivalence 
the composite map aii,: F'^''[X) — > K(A xi^ G) is the Baum-Connes assembly 
map. □ 

Here, for a discrete groupoid tt, a 7r-G*-algebra is defined similarly to a 
topological TT-ring, but has some extra structure. The topological ringoid A x,. tt 
is a certain Banach category obtained by completing the topological ringoid Air; 
see [E] for further details. There is a canonical inclusion An ^ A xir tt. 

Theorem 8.10 Let G be a discrete group, and let A be a G-G* -algebra. Then 
the composition 

K^omi^', A) IK(AX) ^ K{AG) K{A xi,- G) 

is a description of the Baum-Connes assembly map for the group G at the level 
of connective spectra. 

Proof: We have a commutative diagram 

K{AX) K{AG) 

i _ I 
K{AyirX) K{AyirG) 
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so our map can also be viewed as the composition 

Kj^omC^; A) ^ K{AX) K{A X,. X) ^ K{A G) 

The above composition is natural. When X ~ G/H, with H a finite group, 
the categories AX and AyirX are equal. Thus the map ]Kj^on-,(-'S^; A) K{A x 
X) is a stable equivalence in this case, and the result follows from theorem 18.91 
□ 
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